A note on pseudo Jacobi polynomials  by Khan, Mumtaz Ahmad et al.
Ain Shams Engineering Journal (2013) 4, 127–131Ain Shams University
Ain Shams Engineering Journal
www.elsevier.com/locate/asej
www.sciencedirect.comENGINEERING PHYSICS AND MATHEMATICSA note on pseudo Jacobi polynomialsMumtaz Ahmad Khan, Abdul Hakim Khan, Sayed Mohammad Abbas *Department of Applied Mathematics, Faculty of Engineering, Aligarh Muslim University, Aligarh 202 002, UP, IndiaReceived 18 March 2012; revised 13 May 2012; accepted 8 June 2012
Available online 19 July 2012*
E-
Pe
20
htKEYWORDS
Shively pseudo-Laguerre
polynomials;
Pseudo-Jacobi polynomials;
Appell’s F4 function;
Conﬂuent hypergeometric
function /3;
Generating functionsCorresponding author. Tel.:
mail address: smabbas.alig@
er review under responsibilit
Production an
90-4479  2012 Ain Shams
tp://dx.doi.org/10.1016/j.asej+91 975
gmail.co
y of Ain
d hostin
Universit
.2012.06.0Abstract The present paper is a study of pseudo-Jacobi polynomials which have been deﬁned on
the pattern of Shively’s pseudo-Laguerre polynomials. The paper contains generating functions,
Rodrigues formula, recurrence relations and expansion of pseudo-Jacobi polynomials.
 2012 Ain Shams University. Production and hosting by Elsevier B.V.
All rights reserved.1. Introduction
Shivley (see, for example, [1]; see also [2, p. 298, Eq. 152 (1)];
[3, p. 127, Eq. (47)] and [4, p. 1758, Eq. (3)]) has deﬁned the
polynomial Rn(a, x) by:
Rnða; xÞ ¼ ðaþ nÞn
n!
1F1
n;
aþ n; x
 
; ð1:1Þ
in which n is any non-negative integer, and a is independent of
n.
The pseudo-Laguerre polynomial Rn(a, x) may also be writ-
ten as8146013.
m (S.M. Abbas).
Shams University.
g by Elsevier
y. Production and hosting by Elsev
03Rnða; xÞ ¼ ðaÞ2n
n!ðaÞn 1
F1
n;
aþ n; x
 
; ð1:2Þ
which are related to the proper simple Laguerre polynomial
LnðxÞ ¼ 1F1
n;
1;
x
 
by
Rnða; xÞ ¼ 1ða 1Þn
Xn
k¼0
ða 1ÞnþkLnkðxÞ
k!
: ð1:3Þ
Toscano [5] had already shown thatX1
n¼0
Rnða; xÞtn ¼ ð1 4tÞ
1
2
2
1þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 4tp
 a1
 exp 4xtð1þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 4tp Þ2
 !
: ð1:4Þ
Shively obtained Toscano’s other generating relation
X1
n¼0
Rnða; xÞtn
1
2
þ 1
2
a
 
n
¼ e2t0 F1
;
1
2
þ 1
2
a;
t2  xt
 
ð1:5Þ
and extended Toscano’s (1.4) toier B.V. All rights reserved.
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n¼0
SnðxÞtn¼ð14tÞ
1
2
2
1þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ14tp
 a1
pFq
a1; . . . ;ap;
b1; . . . ;bq;
4xt
ð1þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ14tp Þ2
" #
;
ð1:6Þ
in which
SnðxÞ ¼ ðaÞ2n
n!ðaÞn pþ1
Fqþ1
n; a1; . . . ; ap;
aþ n; b1; . . . ; bq;
x
" #
: ð1:7Þ
For the particular choice p= 0, q= 1, b1 = 1, a= 1, the
Sn(x) becomes
rnðxÞ ¼ ð2nÞ!ðn!Þ2 1F2
n;
1þ n; 1; x
 
; ð1:8Þ
for which Shively has the additional generating relation
X1
n¼0
rnðxÞtn
ð2nÞ! ¼ 0F1
;
1;
t ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ4xtþ t2p
2
" #
0F1
;
1;
tþ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ4xtþ t2p
2
" #
:
ð1:9Þ
The Rn(a, x) of (1.1) is of Sheffer A-type zero, as pointed
out by Shively. He obtains many other properties of Rn(a, x).
Motivated by the work of Shively, the present paper refers
to the study of generating functions, Rodrigues formula, recur-
rence relations and expansion of pseudo-Jacobi polynomials
which have been deﬁned on the pattern of Shively’s pseudo-
Laguerre polynomials.
Some work under the name pseudo-Jacobi polynomials was
also done by R. Askey (see, for example, [6]; and see also [7, p.
231, Eq. (9.9.1)]). His deﬁnition of pseudo-Jacobi polynomials
has the following hypergeometric representation:
Pnðx; m;NÞ ¼ ð2iÞ
nðNþ imÞn
ðn 2N 1Þn 2
F1
n; n 2N 1;
Nþ im;
1 ix
2
 
¼ ðxþ iÞn2F1
n;Nþ 1 n im;
2Nþ 2 2n;
2
1 ix
 
;
n ¼ 0; 1; 2; . . . ;N: ð1:10Þ
However our pseudo-Jacobi polynomials are different from
(1.10) and is deﬁned in (2.1).
In our investigation, we require the following deﬁnitions:
the Appell’s F4 function is deﬁned as [2]
F4½a; b; c; c0; x; y ¼
X1
m¼0
X1
n¼0
ðaÞmþnðbÞmþn
ðcÞmðc0Þn
xm
m!
yn
n!
: ð1:11Þ
The Conﬂuent hypergeometric function /3 is deﬁned as [8]
/3½b; c; x; y ¼
X1
m¼0
X1
n¼0
ðbÞm
ðcÞmþn
xm
m!
yn
n!
: ð1:12Þ2. Pseudo-Jacobi polynomials
We deﬁne pseudo-Jacobi polynomials An(a, b, x) as follows:
Anða; b; xÞ ¼ ðaÞ2n
n!ðaÞn 2
F1
n; 1þ aþ bþ n;
aþ n;
1 x
2
 
: ð2:1Þ
From (2.1) it follows that An(a, b, x) is a polynomial of de-
gree n and that
Anða; b; 1Þ ¼ ðaÞ2n
n!ðaÞn
: ð2:2ÞApplying Euler’s transformation (see, for example, [2, Th.
20, p. 60]) to (2.1) yields
Anða; b; xÞ ¼ ðaÞ2n
n!ðaÞn
xþ 1
2
 n
2F1
n;1 b;
aþ n;
x 1
xþ 1
 
: ð2:3Þ
Each of (2.1) and (2.3) yields a ﬁnite series form for An(a, b,
x):
Anða; b; xÞ ¼
Xn
k¼0
ðaÞ2nð1þ aþ bÞnþk
k!ðn kÞ!ðaÞnþkð1þ aþ bÞn
x 1
2
 k
ð2:4Þ
and
Anða; b; xÞ ¼
Xn
k¼0
ðaÞ2nð1 bÞk
k!ðn kÞ!ðaÞnþk
1 x
2
 k
xþ 1
2
 nk
: ð2:5Þ
By reversing the order of summation in (2.4) and (2.5)
respectively, we obtain
Anða; b;xÞ ¼ ð1þ aþ bÞ2n
n!ð1þ aþ bÞn
x 1
2
 n
2F1
n; 1 a 2n;
a b 2n;
2
1 x
 
ð2:6Þ
and
Anða; b; xÞ ¼ ð1 bÞn
n!
1 x
2
 n
2F1
n; 1 a 2n;
2þ b n;
xþ 1
x 1
 
:
ð2:7Þ3. Generating functions
The main objective of this section is to derive the following
generating functions of pseudo-Jacobi polynomials An(a, b, x):
X1
n¼0
Anða; b; xÞtn ¼ f1 2ðxþ 1Þtg
1
2
1
2
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 2ðxþ 1Þt
p	 

 t
 1þb
 2
1þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 2ðxþ 1Þtp
( )1þaþ2b
; ð3:1Þ
X1
n¼0
1
1
2
aþ 1
2
 
n
Anða; b; xÞtn ¼ expfðxþ 1Þtg/3 1 b;
1
2
a

þ 1
2
;
1
2
ð1 xÞt; 1
4
ðxþ 1Þ2t2

; ð3:2Þ
X1
n¼0
Anða n; b; xÞtn ¼ ð1 tÞ1þb 1 1
2
ðxþ 1Þt
 1ab
; ð3:3Þ
X1
n¼0
1
ðaÞn
Anða n;b;xÞtn ¼ exp 1
2
ðxþ 1Þt
 
1F1
1 b;
a;
1
2
ð1 xÞt
 
;
ð3:4Þ
X1
n¼0
ð1þ aþ bÞn
ðaÞn
Anða n; bþ n; xÞtn
¼ ð1 tÞ1ab2F1
1
2
ð1þ aþ bÞ; 1
2
ð2þ aþ bÞ;
a;
2tðx 1Þ
ð1 tÞ2
" #
;
ð3:5Þ
X1
n¼0
1
ð1þ aÞnð1þ bÞn
Anða nþ 1; bþ n 1; xÞtn
¼ 0F1
;
1þ a;
1
2
ðx 1Þt
 
0F1
;
1þ b;
1
2
ðxþ 1Þt
 
; ð3:6Þ
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n¼0
Anða n; b n; xÞtn ¼ 2aþbq1ð1þ tþ qÞ1bð1 tþ qÞ1a;
ð3:7Þ
where
q ¼ ð1 2xtþ t2Þ1=2
and
X1
n¼0
ðcÞnð1þ aþ b cÞn
ðaÞnð2þ bÞn
Anða n; b n; xÞtn
¼ 2F1
c; 1þ aþ b c;
a;
1 t q
2
" #
2F1
c; 1þ aþ b c;
2þ b;
1þ t q
2
" #
; ð3:8Þ
in which q= (1  2xt+ t2)1/2 and c is arbitrary.
Proof of (3.1): From (2.5) it follows that
X1
n¼0
Anða; b; xÞtn ¼
X1
n¼0
Xn
k¼0
ðaÞ2nð1 bÞk
k!ðn kÞ!ðaÞnþk
1 x
2
 k
xþ 1
2
 nk
tn
¼
X1
n¼0
Xn
k¼0
22n 1
2
a
 
n
1
2
aþ 1
2
 
n
ð1 bÞk
k!ðn kÞ!ðaÞnþk
1 x
2
 k
xþ 1
2
 nk
tn
¼
X1
n¼0
X1
k¼0
1
2
aþ k 
n
1
2
aþ kþ 1
2
 
n
ð1 bÞk
n!k!ðaþ 2kÞn
f2ðxþ 1Þtgn 1
2
ð1 xÞt
 k
¼
X1
k¼0
ð1 bÞk
k!
1
2
ð1 xÞt
 k
2F1
1
2
aþ k; 1
2
aþ kþ 1
2
;
aþ 2k;
2ðxþ 1Þt
" #
:
Using result (see, for example, [2, Ex. 10, p. 70])
2F1
c; cþ 1
2
;
2c;
z
 
¼ ð1 zÞ12 2
1þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 zp
 2c1
;
it becomes
X1
n¼0
Anða; b; xÞtn ¼
X1
k¼0
ð1 bÞk
k!
1
2
ð1 xÞt
 k
f1 2ðxþ 1Þtg12
 2
1þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 2ðxþ 1Þtp
 !aþ2k1
¼ f1 2ðxþ 1Þtg12
 1
2
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 2ðxþ 1Þt
p	 

 t
 1þb
2
1þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 2ðxþ 1Þtp
 !1þaþ2b
:
This completes the proof of (3.1). h
Proof of (3.2): Starting with LHS of (3.2) and using the def-
inition (2.5) of pseudo-Jacobi polynomials, one gets
X1
n¼0
Xn
k¼0
22nð1
2
aÞnð1 bÞk
k!ðn kÞ!ðaÞnþk
1 x
2
 k
xþ 1
2
 nk
tn
¼
X1
n¼0
X1
k¼0
1
2
aþ k 
n
ð1 bÞk
k!n!ðaþ 2kÞn 12 aþ 12
 
k
f2ðxþ 1Þtgn 1
2
ð1 xÞt
 k
¼
X1
k¼0
1F1
1
2
aþ k;
aþ 2k;
2ðxþ 1Þt
" #
ð1 bÞk
k! 1
2
aþ 1
2
 
k
1
2
ð1 xÞt
 k
:Using Kummer’s second formula (see, for example, [2])
ez1F1
a;
2a;
2z
 
¼ 0F1
;
aþ 1
2
;
1
4
z2
 
;
it becomesX1
n¼0
1
1
2
aþ 1
2
 
n
Anða; b;xÞtn
¼ expfðxþ 1Þtg
X1
k¼0
0F1
;
1
2
aþ kþ 1
2
;
1
4
fðxþ 1Þtg2
" #
ð1 bÞk
k! 1
2
aþ 1
2
 
k
1
2
ð1 xÞt
 k
¼ expfðxþ 1Þtg
X1
k¼0
X1
r¼0
ð1 bÞk
k!r! 1
2
aþ 1
2
 
kþr
1
2
ð1 xÞt
 k
1
2
ðxþ 1Þt
 2" #r
¼ expfðxþ 1Þtg/3 1 b;
1
2
aþ 1
2
;
1
2
ð1 xÞt; 1
4
ðxþ 1Þ2t2
 
by ð1:12Þ:
This completes the proof of (3.2). h
Proof of (3.7): From Eq. (2.5) it follows that
X1
n¼0
Anða n; b n; xÞtn
¼
X1
n¼0
Xn
k¼0
ðaÞnð1 bÞknð2þ bÞnð1 xÞkðxþ 1ÞnkðtÞn
k!ðn kÞ!ðaÞk2n
¼
X1
k¼0
X1
n¼0
ðaÞnþkð2þ bÞnþk
k!n!ðaÞkð2þ bÞn
1
2
ðx 1Þt
 k
1
2
ðxþ 1Þt
 n
; ð3:9Þ
where the right member is an Appell’s F4 function deﬁned by
Eq. (1.11).
In factX1
n¼0
Anða n; b n; xÞtn
¼ F4 2þ b; a; a; 2þ b; 1
2
ðx 1Þt; 1
2
ðxþ 1Þt
 
: ð3:10Þ
Now we have the result
F4 a; b; b; a;
u
ð1 uÞð1 vÞ ;
v
ð1 uÞð1 vÞ
 
¼ ð1 uvÞ1ð1 uÞað1 vÞb; ð3:11Þ
(see, for example, [2, Th. 83, p. 268])
If we take
a ¼ 2þ b; b ¼ a; uð1 uÞð1 vÞ
¼ 1
2
ðx 1Þt; vð1 uÞð1 vÞ ¼
1
2
ðxþ 1Þt: ð3:12Þ
Let q= (1  2xt+ t2)1/2 and consider
u ¼ 1 2
1þ tþ q ; v ¼ 1
2
1 tþ q : ð3:13Þ
From (3.13)
u
ð1 uÞð1 vÞ ¼
1
1 v 1
1
1 u
 
¼ 1 tþ q
2
1 1þ tþ q
2
 
¼ ð1 tþ qÞð1 t qÞ
4
¼ ð1 tÞ
2  q2
4
¼ 1
2
ðx 1Þt;
130 M.A. Khan et al.and in the same way,
v
ð1 uÞð1 vÞ ¼
ð1þ tÞ2  q2
4
¼ 1
2
ðxþ 1Þt:
Also
1
1 u ¼
1
2
ð1þ tþ qÞ; 1
1 v ¼
1
2
ð1 tþ qÞ;
from which
q ¼ 1
1 uþ
1
1 v 1 ¼
1 uv
ð1 uÞð1 vÞ :
Hence
ð1 uvÞ1ð1 uÞað1 vÞb ¼ q1ð1 uÞa1ð1 vÞb1;
so that (3.10) and (3.11) yield
X1
n¼0
Anða n; b n; xÞtn ¼ q1 2
1þ tþ q
 1þb
2
1 tþ q
 1þa
;
or
X1
n¼0
Anða n; b n; xÞtn ¼ 2aþbq1ð1þ tþ qÞ1b
ð1 tþ qÞ1a;
in which q= (1  2xt+ t2)1/2. This completes the proof of
(3.7).
4. The Rodrigues formula
The polynomials An(a, b, x) admit the following Rodrigues
formula:
Anða; b; xÞ ¼ ð1Þ
nð1 xÞanþ1ð1þ xÞbþn1
2nn!
Dn½ð1 xÞaþ2n1ð1þ xÞbþ1;
where D  d
dx
:
5. Differential recurrence relations
The polynomials An(a, b, x) admit the following differential
recurrence relations:
ðx 1Þ½ðaþ bþ nÞDAnða n; bþ n; xÞ
þ ðaþ n 1ÞDAn1ða nþ 1; bþ n 1; xÞ
¼ ðaþ bþ nÞ½nAnða n; bþ n; xÞ
 ðaþ n 1ÞAn1ða nþ 1; bþ n 1; xÞ;
D  d
dx
; ð5:1Þ
ðx 1ÞDAnða n; bþ n; xÞ  nAnða n; bþ n; xÞ
¼  ðaÞnð1þ aþ bÞn
Xn1
k¼0
ð1þ aþ bÞk
ðaÞk
½ð1þ aþ bÞ
Akða k; bþ k; xÞ þ 2ðx 1ÞDAkða k; bþ k; xÞ ð5:2Þ
andðx 1ÞDAnða n; bþ n; xÞ  nAnða n; bþ n; xÞ
¼
Xn1
k¼0
ð1Þnkð1þ aþ bþ 2kÞð1þ aþ bÞk
ðaÞk
Akða k; bþ k; xÞ: ð5:3Þ6. Mixed recurrence relations
The polynomials An(a, b, x) admit the following mixed recur-
rence relations:
DkAnða; b; xÞ ¼ 2kð1þ aþ bþ nÞkAnkðaþ 2k; b; xÞ; ð6:1Þ
where 0 < k 6 n,
ðxþ 1ÞDAnða; b; xÞ ¼ nAnða; b; xÞ þ ðbþ 1ÞAn1ða
þ 2; b 1; xÞ; ð6:2Þ
1
2
ð2þ aþ bþ 2nÞðx 1ÞAnða 1; b; xÞ
¼ ðnþ 1ÞAnþ1ða 1; bþ 1; xÞ  ðaþ 2nÞAnða; b; xÞ; ð6:3Þ
1
2
ð2þ aþ bþ 2nÞðxþ 1ÞAnða; bþ 1; xÞ
¼ ðnþ 1ÞAnþ1ða 1; bþ 1; xÞ þ ð2þ bÞAnða; b; xÞ ð6:4Þ
and
ð1þ xÞAnða; bþ 1; xÞ þ ð1 xÞAnða 1; b; xÞ
¼ 2Anða; b; xÞ: ð6:5Þ7. Expansion of polynomials
The expansion of (1  x)n in a series of pseudo-Jacobi polyno-
mials is as follows:
ð1 xÞn ¼ 2nðaÞn
Xn
k¼0
ðnÞkð1þ aþ bþ 2kÞð1þ aþ bÞk
ð1þ aþ bÞnþkþ1ðaÞk
 Akða k; bþ k; xÞ: ð7:1Þ
The expansion of a pseudo-Jacobi polynomials in a series
form is as follows:
Anða n; bþ n; xÞ ¼ ðaÞnð1þ aþ bÞn

Xn
k¼0
ð1Þnkðb aÞnkð1þ aþ bÞnþkð1þ 2aÞkð1þ 2aþ 2kÞ
ðn kÞ!ð1þ 2aÞnþkþ1ðaÞk
 Akða k; aþ k; xÞ: ð7:2Þ
Another series expansion of a pseudo-Jacobi polynomials is
as follows:
Anða n; bþ n; xÞ ¼ ðaÞnð1þ aþ bÞn

Xn
k¼0
ð1ÞnkðbÞnkð1þ aþ bÞnþkð1þ aÞkð1þ aþ 2kÞ
ðn kÞ!ð1þ aÞnþkþ1ðaÞk
Akða k; k; xÞ:
ð7:3Þ8. Applications
The classical Jacobi polynomials have been used extensively in
mathematical analysis and practical applications (cf. [9–11,2]).
A note on pseudo Jacobi polynomials 131In particular, the Legendre and Chebyshev polynomials have
played an important role in spectral methods for partial differ-
ential equations (cf. [12–16]). Recently, there have been re-
newed interests in using the Jacobi polynomials in spectral
approximations, especially for problems with degenerated or
singular coefﬁcients. For instance, Bernardi and Maday [17]
considered spectral approximations using the ultra-spherical
polynomials in weighted Sobolev spaces. Guo [18–20] devel-
oped Jacobi approximations in certain Hilbert spaces with
their applications to singular differential equations and some
problems on inﬁnite intervals. The Jacobi approximations
were also used to obtain optimal error estimates for p-version
of ﬁnite element methods (cf. [21,22]).
Another applications of Jacobi type polynomials is in irratio-
nality measures for certain values of binomial functions and
deﬁnite integrals of some rational functions [23]. It is expected
that pseudo-Jacobi polynomials will also be useful in such case.Acknowledgements
I wish to express my sincere thanks to the referees for sugges-
tions which led to a better presentation of the paper.
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